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^ ■ Abstract 

In this paper we show that an odd Galois representation p : Gal(Q/Q) -^ GL2(Fg) satisfying certain 
pH I local conditions at 3 and 5 is modular. Our main tool is an idea of Taylor |l2], which reduces the 

[^ • problem to that of exhibiting points on a Hilbert modular surface which are defined over a solvable 

extension of Q, and which satisfy certain reduction properties. As a corollary, we show that Hilbert- 
Blumenthal abelian surfaces with good ordinary reduction at 3 and 5 are modular. 



Introduction 

In 1986, J. P. Serre proposed the following conjecture: 
Conjecture. Let ¥ be a finite field of characteristic p, and 

p:Gal(Q/Q)^GL2(F) 



an irreducible representation such that det p applied to complex conjugation yields — 1 . Then p is 
C^ • the mod p representation attached to a modular form on GL2{Q). 

1 -^ I Serre's conjecture, if true, would provide the first serious glimpse into the non-abelian structure 

d . of Gal(Q/Q). The work of Langlands and Tunnell shows that Serre's conjecture is true when GL2(F) 

H I is solvable; that is, when F is F2 or F3. Work of Shcphcrd-Barron and Taylor Q and Taylor Q 

have shown that the conjecture is also true, under some local conditions on p, when F is F4 or F5. 
In the present work, we show that Serre's conjecture is true, again subject to certain local 
conditions, when F = Fg. To be precise, we prove the following theorem. 



C^ ' Theorem. Let 



p:Gal(Q/Q)^GL2(F9) 
be an odd Galois representation such that 

• The restriction of p to D3 can be written as 



P\D3 



V'l * 
^2 



where ipi and 'ip2 o-fc characters such that (ipi © ip2)\l3 is isomorphic to the direct sum of the 
trivial character and xa; 



• The image of the inertia group I5 lies in SL2(F9), and has odd order in PSL2(F9). 

Then p is modular. 

As a corollary, we get the following result towards a generalized Shimura-Taniyama-Weil con- 
jecture for abelian surfaces: 

Corollary. Let A/Q be a Hilbert-Blumenthal abelian surface which has good ordinary reduction at 
3 and 5. Then A is a quotient of Jo{N) for some integer N . 

We prove the theorem above by exhibiting p as the Galois representation on the 3-torsion sub- 
scheme of a certain Hilbert-Blumenthal abelian surface defined over a totally real extension F/Q 
with solvable Galois group. We then use an idea of Taylor, together with a new theorem of Skinner 
and Wiles ||ll|, to prove the modularity of the abelian surface, and consequently of p. 

The key algebro-geometric point is that a certain twisted Hilbert modular variety has many 
points defined over solvable extensions of Q. This suggests that we consider the class of varities X 
such that, if iiT is a number field, and S is the set of all solvable Galois extensions L/K, then 

is Zariski-dense in X. We say X has "property S" in this case. Certainly if X has a Zariski-dense 
set of points over a single number field — for example, if X is unirational — it has property S. The 
Hilbert modular surfaces we consider, on the other hand, are varieties of general type with property 
S. 

To indicate our lack of knowledge about solvable points on varieties, note that at present there 
does not exist a variety which we can prove does not have property S! Nonetheless, it seems reason- 
able to guess that "sufficiently complicated" varieties do not have property S. 

One might consider the present result evidence for the truth of Serre's conjecture. On the other 
hand, it should be pointed out that the theorems here and in g|, |g2[ rely crucially on the facts that 

• the GL2 of small finite fields is solvable, and 

• certain Hilbert modular varieties for number fields of small discriminant have property S. 

These happy circumstances may not persist very far. In particular, it is reasonable to guess that 
only finitely many Hilbert modular varieties have property S. If so, one might say that we have 
much philosophical but little numerical evidence for the truth of Serre's conjecture in general. Our 
ability to compute has progressed mightily since Serre's conjecture was first announced. It would 
be interesting, given the present status of the conjecture, to carry out numerical experiments for F 
a "reasonably large" finite field — whatever that might mean. 

Notation 

If p : Ga\{K / K) — > GL2(F9) is a Galois representation, we define Vp to be the symplectic Galois 
module F9 © Fg, with Galois acting by p, and the standard symplectic pairing. 

If ii' is a totally real number field, write c G Ga,l{K / K) for a complex conjugation. If u is a 
prime of a number field F, we write Dy C Gf for the decomposition group associated to u, and /„ 
for the corresponding inertia group. The p-adic cyclotomic character of Galois is denoted by Xp-i 
and its mod p reduction by Xp. 



If y C P^ is a projective variety, write Fi {V) for the Fano variety of lines contained in V. 
If O is a ring, an O-module scheme is an O-module in the category of schemes. 
AU Hilbert modular forms are understood to be of parallel weight. 

1 Realizations of Galois representations on HBAV's 

Recall that a Hilbert- Blumenthal abelian variety (HBAV) over a number field is an abelian d-fold 
endowed with an injection O '— > End(^), where O is the ring of integers of a totally real number 
field of degree d over Q. Many Hilbert-Blumenthal abelian varieties can be shown to be modu- 
lar; for example, see 0. It is therefore sometimes possible to show that a certain mod p Galois 
representation p is modular by realizing it on the p-torsion subscheme of some HBAV. 

We will show that, given a Galois representation Gal(.^/iir) — > GL2(F9) satisfying some local 
conditions at 3, 5 and c», we can find an abelian surface over a solvable extension of K, satisfying 
some local conditions at 3 and 5. One of these conditions — that certain representations be "I?p- 
distinguished" — requires further comment. 

Definition 1.1. Let p : Ga\{K / K) -^ GL2(Fp) be a Galois representation, and let p|p be a prime 
of K. We say that p is Dp-distinguished if the semisimplification of the restriction Gb1{K / K)\Dp is 
isomorphic to 6i © 62, with di and 62 distinct characters from Ga,l{K / K) to F* 

This condition is useful in deformation theory, and is required, in particular, in the main theorem 
of Q. A natural source of Dp-distinguished Galois representations is provided by abelian varieties 
with ordinary reduction at p. 

Proposition 1.2. Let p be an odd prime. Let Ky be a finite extension of Qp with odd ramifi- 
cation degree, and let A/Ky be a HBAV with good ordinary or multiplicative reduction and real 
multiplication by O , and let p be a prime of O dividing p. 

Then the semisimplification of the Gal{Ky/ Ky) -module A[p] is isomorphic to 9i 62, with 9i 
and 62 distinct characters of G&\{Ky/ Ky). 

Proof. We think of A\p\ as a two-dimensional O/pO-module, where O is the ring of real multipli- 
cations. Let e be the ramification index of Ky over Qp. 

The decomposability of yl[p] into an extension oiOi by 82 is a general fact about ordinary abelian 
varieties. 

Now the action of the inertia group /„ on A[p\ is an extension of the trivial character by the 
cyclotomic character. Since the ramification index of iC^./Qp is odd, these two characters are distinct. 
Therefore, 9i and 62 are also distinct. D 

We are now ready to state the main theorem of this section. 
Proposition 1.3. Let K be a totally real number field, and let 

p:G&\{k/K)^GU{^Q) 
be a Galois representation such that Acip ~ X'i- Suppose that 

• The absolute ramification degree of K is odd at every prime of K above 3 and 5. 



• For any prime w of K over 3, the restriction of p to the decomposition group D^ can he 
written as 



p\D^ 



■01 * 

02 



where "01 © V'2|^m> is isomorphic to the sum of the trivial character and xs- 
• The image of the inertia group /„ in GL2(F9) has odd order for every prime v of K over 5. 

Then there exists a totally real number field F with F/ K a solvable Galois extension, and a 
Hubert- Blumenthal abelian variety AjF with real multiplication by O — C'ofv^i ' such that 



• The absolute ramification degree of F is odd at every prime of F over 3 and 5; 

• A has good ordinary or multiplicative reduction at all primes of F((^3) above 3 and 5; 

• yl[v5] is an absolutely irreducible G&\{F / F) -module; 

• there exists a symplectic isomorphism of Gal{F / F) -modules 

i : A[d\ ^ V-p. 

2 Proof of Proposition |l.c{| 

Our main tool is an expicit description of the moduli space of HBAV's with real multiplication by 
O and full 3-level structure, worked out by Hirzebruch and van der Geer. 

Lemma 2.1. Let Sz be the surface in P^/Z defined by the equations 

cri(so,. .. ,S5) = cr2(so,- •■ ,85)^ CFiiso, . . .,55) = 0, 

where CT; is the ith symmetric polynomial. Note that Aq = PSL2(F9) acts on Sc by permutation of 
coordinates. 

Let Xc be the Hilbert modular surface parametrizing complex HBAV's with real multiplication 
by O and full 3-level structure. Then Xc and Sc are related by a birational isomorphism which is 
compatible with the action o/PSL2(F9) on Xc and A^, on Sc- 

Proof. [H VIII. (2.6)] D 

More precisely, the complement of the cusps in Xc maps to an open subvariety of Sc- Write 
Zc C ^c for the complement of the image of this map. We write Qi, Q2, Qi for the hypersurfaces 
in P^/Z cut out by cti = 0, cr2 = 0, (T4 = respectively. 

The morphism from Xc to Sc is defined as follows. Let F be the kernel of the reduction 
map SL2(C') -^ SL2(F9). Then the complex vector space S'2(r;C) of weight 2 cuspforms for F has 
dimension 5, and PSL2(F9) acts on 52(F; C) through its irreducible 5-dimensional representation ||l^, 
VIII, 2. 5]. Let So, . . . ,55 be a basis for S'2(r;C) such that PSL2(F9) acts by even permutations on 
So, • ■ • , S5. Then taking so, . . . , S5 as projective coordinates on Xc yields the rational morphism 
from Xc to P^ described above. 



In particular, we have 

(Ti(so,. .. ,35) = 0-2(50, ■ ■• ,85)= 0-4(50, •■ ■ ,55) = 0. 
Note that the other symmetric functions 0-3,0-5, and o-g in sq, . . . ,55 are cuspforms of weight 



6, 10, 12 for the whole group SL2(C'). In section 2.2 we will described these forms in terms of classical 
generators of the ring of level 1 modular forms. 

The complex moduli space above descends to one defined over a ring of algebraic numbers. 
Let N be the product of all primes where p is ramified. (In particular, 3 divides N.) Then the 
representation p defines an etale group scheme Vp/Z[l/N]. The determinant condition on p yields 
a natural isomorphism A^V^ = p.^ ®j, O. 

Then there exists a proper scheme X^ /U^l/N] parametrizing pairs {A, i), where A is a generalized 
HBAV, and 

i : ^[3] ~ V-p 

is an isomorphism of group schemes such that A^t is the identity map. Write X^ /K for the restriction 
of A''^ to SpecK. 

The surface X^ /K is geometrically isomorphic to X\ in particular, its geometric genus is still 
5. Let to, ■ • • ,^5 be a set of sections spanning H^{XP, ^^p). Then to, ■ ■ ■ , ^5 can be expressed as 
complex linear combinations of sq, . . . , S5. In particular, the rational map X^/K -^ V^ /K defined 
by to, . . . ,^4,^5 is an locally closed immersion of the complement of the cusps in X^ into P^ as an 
open subset in an intersection of smooth hypersurfaces of degrees 1, 2 and 4. Write S^ / K for the 
closure of the image of X^ in P^. 

Note that there exists an isomorphism a : Pq ^ Pq,, depending on our choice of io, • • ■ , ^5, such 

that SP — a~^S. Write Qi,Q2 and Ql for the hypersurfaces a^^Qi,a^^Q2,a^^Q4- Then S^ is 
the complete intersection of Q^, Q2 and Q'^, which are hypersurfaces in P^/Q. 



To prove Proposition 1.3, we will need to find a point on a twisted Hilbert modular variety X^ 
defined over a solvable extension of K. The geometric observation that enables us to find such 
points is the following. Let L/K be a line contained in the variety Q^ n Qj- Then L D Q4 is a. 
finite subscheme E of degree 4 of S^. Generically, S will split into 4 distinct points over a degree 
4 (whence solvable!) extension of K. Now Ql n Q2 is isomorphic to a quadric hypersurface in P**, 
so its Fano variety is rational. This means we have plenty of lines in Q^ n Q2, whence plenty of 
points in S'^ defined over solvable extensions of K. What remains is to make sure we can find such 
points which satisfy the local conditions at 3, 5, and 00 required in the theorem. Our strategy will 
be to define suitable lines over completions of K at the relevant primes, and finally to use strong 
approximation on the Fano variety Fi{Q^ D Q2) to find a global line which is adelically close to the 
specified local ones. 

2.1 Archimedean places 

Let c be a complex conjugation in Gal(^/A'), and let u be the corresponding real place of K. 
The fact that p is odd implies that p(c) is conjugate to 

-1 
1 



In particular, if 



- _ X3 

^°- 1 



we have 



whence 



If So, . 
where 



Po|Gal(C/i^„)-p|Gal(C/i^„), 

SPxkK^^ SP" xq K^ = SP" xq M. 
, S5 are our standard coordinates on S, we may take t^, 



, ^5 as coordinates on SK' , 



(so, • • • , S5) = (to + \/-3ti, io - ^/~^ti,t2 
Then SK' is isomorphic to the complete intersection 



— 3t3, ^2 — V — 3*3, ^4, fs). 



(2.1.1) 



0-1 (to 
cr2(to 
0^4 (to 

0. 



-3ti, to ^ V ^3ti, ^2 + V ^3*3, ^2 ^ V ^3*3, ^4, ts) 
-3ti, to — V — 3ti, t2 + V— 3t3, t2 — V — 3t3, t4, ts) 

-3ti, to — V — 3tit2 + V — Sta, t2 — V — Sta, t4, t^) 



Now choose a real line Lr in Fi {Ql" n Q2" ) (K) with the property that Xr n Sp^' consists of four 
distinct real points. For instance, we may choose Lr to be the line 

(to, ti, t2, ta, t4, ts) - (7/15 + (4/3)t, -1, (4/5) - t, t, -2, -8/15 - (2/3)t). 

Let Lu be the corresponding line in Fi{QP n Q2)(-fi'u)- 

2.2 Primes above 5 

Let Ky be the completion of ii' at a prime v dividing 5, and let Eq be the splitting field of p|Gx„- 
Note that, by hypothesis, E^i has odd absolute ramification degree. 

As above, our aim is to find a suitable line in {QP n Q2) over some unramified extension of Eyi . 
Since p is trivial on Ga^Qs/E'^,/), we may drop superscripts and look for lines on Qi D Q2- 



Lemma 2.2. There exists a finite unramified extension E of Eyi and a line Ly/E contained in 
Qi n Q2/E such that 



• Ly is disjoint from the cuspidal locus Z ; 

• (Ly n Q4){E) consists of 4 distinct E -points; 

• For each x G {Ly n Q4){E), the functions 

and 



'^s '^3 '(^3 -4(76)' 



have non-positive valuation when evaluated at x. 



Proof. One checks that Qi O Q2 is isomorphic over Zg"'' to the Pliicker quadric threefold T := 
y{yoyi + 2/22/3 + yi) C P"*. We also know (see [Q, §6, Ex. 22.6]) an exphcit 3-parameter family of 
lines on T, which is to say a map 

AiPVSpccZg ^-Fi(T); 

moreover, A is an isomorphism over any algebraically closed field. Composing A with an isomorphism 
between T and Qi n Q2 yields a map 

L : PV SpecZr" -> i^i(Qi n Q2) 

which is an isomorphism over any algebraically closed field. 

The set of p g P^(F5) such that L{p) n Q4/F5 consists of 4 distinct Fs-points is Zariski-open. 
To check that it is not empty, we need only exhibit a single such line L in (Qi n Q2)/^5- One such 
line is 



(so, si, S2, S3, S4, S5) = ((1 - V^)i, (1 + V-3)t, -t + (1 + \/-3)m, -t + (1 - V^)u, t, -t - 2u). 

One checks that the restriction of Q4 to L is — 3i(8M^ — i^), which indeed has 4 distinct roots over 
F5. 

Let V be the closed subscheme of S'/Fs where the form cr| — Aa^ vanishes. Then V^ is a curve. 
Moreover, if cc is a point in S/V^, the subscheme of P^/Fs parametrizing lines passing through x 
is one-dimensional. So the subscheme of P'^/Fs parametrizing lines intersecting V is at most two- 
dimensional. We may thus choose a point p G P'^(F5) such that £(p) n Q4/F5 consists of four 
distinct Fs-points, none contained in V . 

Now let p be a lift of p to P'^(Q5"'). Then L{p) is a line contained in QlC^Q2 whose intersection 
with (54 consists of four distinct points defined over some unramified extension of Q5. Let E be 
the compositum of this extension with E^i . Since Z is one-dimensional, we may choose p such that 
L(p) n Qi is disjoint from Z, by the same argument as above. 

Let a; be a point in L(p) n (54, and choose integral coordinates for x so that at least one 
coordinate has non-positive valuation. Then ((t| — 4:Uq){x) has non-positive valuation, so the third 
desired condition on I/(p) is satisfied. This completes the proof. D 

Now take L and E as in the lemma. Let zi , a;2 , X3 , x^ be the four £'-points making up {L^C]S) (E) . 
Then each Xi corresponds to an abelian variety Ai/E with real multiplication by O admitting an 
isomorphism A[3] = p = F®^ of O-module schemes over E. Since X^/Oe is a fine proper moduli 
space, we know that Ai extends to a semi-abelian scheme Ai/Os- 

We now want to show that each Ai has good ordinary or multiplicative reduction. We begin 
by recalling some facts on Hilbert modular forms for SL2(C'). By a result of Nagaoka |g|, Th. 2], 
the ring A/2*(SL2(C'), Z[l/2]) of even- weight symmetric modular forms over Z[l/2] for this group is 
generated by forms 4>2, Xe, ^-nd Xio of weights 2, 6, 10. The form (/>2 is the weight 2 Eisenstein series, 
while xg and xio ^-i'^ cuspforms. 

By restricting to various modular curves on X , and comparing g-expansions, one can verify the 
following identities between the level 1 forms above and the symmetric functions (Ji in sq, . . . ,85: 

02 = -3a^^{al-4ae) 
X6 = 0-3 
Xio = (-l/3)cr5. 



(Note that the constants here depend on our original choice of the weight 2 forms Si. Modifying 
that choice by a constant c would modify each formula above by c'^", where k is the weight of the 
modular form in the expression.) 

So by our choice of Ly, the modular functions t^f/xe a-nd 0|/xio have non-positive valuation 
when evaluated on Ai. The desired ordinarity now follows from the following lemma. 

Lemma 2.3. Let A/E be an semi-HBAV over a finite extension O^/Zs. Suppose that the modular 
functions (f>2/X6 cmd 4>2/xw evaluated at A have non-positive valuation. Then A has potentially 
ordinary or multiplicative reduction. 

Proof. Let Q, be the determinant of the pushforward of the relative cotangent sheaf of A/Oe- Then 
ri is a free rank 1 Oe-module. Let w be a section generating Q,. Then every modular form / with 
coefficients Oe has a well-defined value f{A,ui). Suppose (t)2{A,ui) e me. Then by the hypothesis 
of the theorem, we have also that x&i-^i^) a'^d xw{^t^) G ttI-B- But this is impossible, as we show 
in the following paragraph. 

Let 5 > 7 be a prime, let t : (Z/gZ)^ = A[q\ be an arbitrary full level q structure on A, and let / 
be a modular form of weight 2k and full level q. Since every even-weight modular form of full level 
q is integral over M2*(r(l),Z) = Z5[02, Xe, Xio], we have f{A,L,uj) £ m^. But this is impossible, 
because for 2fc sufficiently large, the sheaf O'*^'^ is very ample on the level q moduli scheme X{q). 

We conclude that (f>2{A,uj) ^ ttie. So the mod 5 reduction ^2(^7 w) is not equal to 0. Since 
the reduction mod 5 of (^ is the Hasse invariant, A has good ordinary or multiplicative reduction 
by§. D 

In order to keep straight the primes of K over 5, we now give the extension E/E^i the new name 
E'yjEy,. 

2.3 Primes above 3 

We begin by observing that we can apply to p a global quadratic twist f/' such that 



p\Dy, ^ 



X3 * 
1 



(2.3.2) 



for all primes w oi K dividing 3. Since twisting docs not affect modularity, we may assume that 



(I2.3.2D holds for our original p. 



Let w be a prime of K dividing 3, and let K^, be the completion of K and w. Now the * in 



(|2.3.2| ) is a cocycle corresponding to an element A € K'^ (g)^ Fg. Write p\ for the representation 



p\Gw 

Lemma 2.4. There exists a line L^ in P|^ satisfying the following conditions. 



• 



Lyj is contained in Qy' n Q 



px n nPA 



• The intersection L^ n Ql^ splits into four distinct points over an unramified extension E'^, of 

• The four HBAV's Ai, A2, A3, A^ corresponding to the four points of L^ n Ql'^i'^^^) have 
potentially multiplicative reduction. 



Proof. We define new coordinates xq, ■ ■ ■ ,2:5 on P^ by the rule 

Xo — tJSo + CJ^Sl + S4 

Xl ~ Llj'^So + OJSl + S4 

X4 = So + Si + S4 

X2 = UJS2 + t^^S3 + S5 

X3 = W^S2 + WS3 + S5 

X5 = S2 + S3 + S5 



where w is a cube root of unity. With these coordinates, one checks that Ql^ is defined by X4 + X5 
and gf by 

x\+ x\ — XqXi — X2X3 + 3x4X5. 

So a family of lines in Q^^ n Q!^'' is given by 

La.b,c '■ Xq = aX2 + &X4, X3 = — aXi + CX4, X4 — —(6x1 + CX2), X5 — — X4. 

One checks that the equation for Q'^'' is given by 

— 3xoXix4x5 — 8X2X3X4X5 + 8X0X1X2X3 + X4X5(X4 + 8x4X5 + X5) — 8X0X1.X5 — 8X2X3X4 

+ A^XqX5 + Aj^^X^X5 + A2X2X4 + A2"^X3X4 

where Ai, A2 are elements of K whose class in K* /(K*)^ is determined by A. 
The equation for Ql^ restricted to La.b.c is of the form 



P = ;^P,(a,6, 



^1X2 



Suppose that ordtu(6) and ord^(c) are approximately equal and that both are much greater than 
ordtu(a), which is in turn much greater than 0. Then one checks that 



P4(a, 6, c 

P2{a,b,c 
Pi{a,b,c 
Po{a,b,c 



\ib + higher order terms 
Aj^ c + higher order terms 
—8a + higher order terms 

— Agfo + higher order terms 

— A2C + higher order terms. 



It is an easy calculation that P then factors over ii'™'' into a constant and two quadratics, one of 
which has discriminant with valuation equal to that of \^ a^'^b, the other of which has discriminant 
with valuation equal to that of Afa^^c. In particular, if b and c are chosen so that ordtu(fe) has the 
same parity as ord^(Ai), and ordtu(c) the same parity as ord^(A2), the points of La^h,c H Q'2' are 
defined over an unramified extension of Kw ■ 

Note that since ordtu(a),ord„,(6), and ord^(c) are much larger than 0, we know that La,b,c is 
very w-adically close to the cusp line £0.0,0 • Moreover, the form for P given above shows that the 
four points in La,b,c H Ql'" are w-adically close to [0 : 1 : : : : 0] and [0:0:1:0:0:0]. 



These points do not lie in the image of any non-cuspidal point of the Hilbert modular surface X |0, 
VIII(2.6)]. So the abelian varieties Ai,^2,^3,^4 corresponding to these four points to the points 
of La,b,c n Ql'' have potentially multiplicative reduction at w, as desired. 

D 

The fact that Ai has potentially multiplicative reduction implies that the £-adic representation 
PAi,e attached to Ai satisfies 



PA, 



* 



The diagonal entries are finite-order characters with image in O* , which must have image in ±1. 
It follows that cither Ai or its quadratic twist Ai (g) X3 has semi-stable reduction at w' . Note that 
^jpKQs) contains a canonical subgroup A':-, consisting of those points reducing to the identity in 
the Neron model of Ai . Now the action of I^i on Ai [3] is isomorphic to 

X3 * 
1 

and Ai [3] has semistable reduction if and only if the canonical subgroup is the subgroup on which 
lui' acts as X3- Note that Ai[5\ is semistable whenever * is nonzero. 

Each of the points in La,b.c H Ql^ corresponds to an abelian variety Ai together with an iso- 
morphism (pi from Ai[3] to Vp^. The {Ai,(l)i) correspond to points of ^(Qs) lying in a small 
3-adic neighborhood of a cusp; since the canonical subgroup varies 3-adically continuously, the im- 
age (j)i{A'^) is the same subgroup of Vp^ for each i. In particular, either all four of the Ai have 
semistable reduction at w' , or all four have semistable reduction after twisting by xs- 

2.4 The global construction 

We now combine the local arguments above into the global statement we desire. 
Choose a finite Galois extension K' / K such that; 

• K' is totally real; 

• K' /K is solvable; 

• The completion of K' at any prime v above 5 is isomorphic to an unramified extension of E'^, ; 

• The completion of K' at any prime w above 3 is isomorphic to an unramified extension of 

• Fi{{Qi n Q2y) is rational over K' . (Since Fi((Qi n Q2Y) is geometrically rational, this 
amounts to trivializing an element of the Brauer group.) 

(See [^, Lemma 2.2] for the existence of K' .) 

Since Fi((Qi n Q2Y) is a rational variety, we can choose L e Fi{{Qi n Q2Y){K') such that the 
image of L under the map 

Fi((Qi n Q2Y){K') - Fi((gi n Q2)'^)«J © i^i((gi n q^YYK^^^imi n Q2Y){K) 

Vi\^ Wi\dt u\oo 

is arbitrarily adelically close to (L^^ , • . • , L^^ , ■ ■ ■ , L^^ ,...). 

10 



The intersection L n 5*^ is a zero-dimensional scheme of degree 4 over K' . Modifying our choice 
of L if necessary, we can arrange for i n S* to be in the image of the rational map from X^ . Let F 
be a splitting field for L n S^ . Note that F is solvable over K' , whence also over K. Then we can 
think of L n 5 as specifying four HBAV's A,/F, with A,[i\/F ^ Vp/F. 

By our choices of L„, the field F is totally real. Similarly, our choices of Ly and L^ guarantee 
that Ai and F satisfy the local conditions at 3 and 5 stated in the theorem, by a theorem of Kisin . 

It remains only to check that L can be chosen so that A^f-s/S] is an absolutely irreducible 
Gal(F/i^)-module, for some i. Let tt : Tc ^ Fi[Qi n Q2)c be the degree 4 cover defined by 
Ti^^{L) = (L n S){C). Then T projects to 5', and the covering of S by the Hilbert modular surface 
for the congruence subgroup of full level -s/S pulls back to a covering T' -^ T. The covering T' /T is 
Galois with group PSL2(F5), and the Galois group of the cover T' /Fi{Qi n Q2) is thus a subgroup 
G of the wreath product of S'4 and PSL2(F5). 

We want to show that G is large. Let B be an HBAV over a number field M such that the map 

Gal(Q/A'f) ^ GL(B[3]) GL(B[V5]) 

is surjective, and let p be a point of S{M{B[i])) corresponding to B. Let £ be a line in Qi n Q2 
passing through p; we can choose i to be defined over a quadratic extension of M. Now the fact 
that the map 

Gal(Q/A/(B[3])) ^ GL(B[\/5]) 

is surjective implies that the Galois group G contains a copy of PSL2(F5). By Ekedahl's version 
of Hubert's irreducibility theorem H, we can now choose L in the adclic neighborhood specified 
above in such a way that one of the four abelian varieties Ai/ F has A^a/S] an absolutely irreducible 
Gal(F/i^)-module. This completes the proof of Proposition pT^ . 

3 Modularity 

Now that we have exhibited p as a representation appearing on the torsion points of an abelian 
variety, we can prove that p is modular. Our argument proceeds exactly along the lines of [ll2| and 
g]. We begin by recording the case we need of a theorem of Skinner and Wiles. 

Theorem 3.1. Let K be a totally real number field, let p > 2 be a rational prime, let L be a finite 
extension ofQp, and let 

p : G&\{K/K) -^ GL2(L) 

be a continuous irreducible representation ramified at only finitely many primes. Suppose 



• 



• 



det p — V'Xp ^ for some finite-order character ip; 

p is ordinary in the sense that, for each prime v of K dividing p. 



p\Dy = 



Xp * 
1 



• p is Dy -distinguished for all primes v of K dividing p; 

• There exists an ordinary modular Galois representation p' and an isomorphism between the 
mod p representations p and p' . 
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Then p is modular. 
Proof. See 0. D 

We are now ready to prove our main result. 
Theorem 3.2. Let 

p:Gal(Q/Q)-.GL2(F9) 
be an odd, absolutely irreducible Galois representation such that 
• The restriction of p to D^ can be written as 



p\Dz 



V2 



where ipi and ^2 o-f£ distinct characters such that {ipi(Bip2)\l3 is isomorphic to the direct sum 
of the trivial character and xs ■ 

• The image of the inertia group I5 lies in SL2(F9), and has odd order. 

Then p is modular. 

Proof. First of all, 6 = (detp)^^X3 is a character of Galois which annihilates complex conjugation, 
since p is odd. We thus have a totally real abelian extension K/Q defined by Gal(.^/iir) = ker^. 
Since det(p)(/5) is trivial, I^ lies in the kernel of 9, and K is unramified at 5. Likewise, ^(/a) is 
trivial, so K is unramified at 3. 

By applying a quadratic twist, we may assume that 



P\D3^ 



X3 * 

1 



Now the conditions on /o|I?3 and p|£>5 imply the corresponding local conditions in Proposition 1.3. 
We may now choose an extension Fq/K and an abelian variety A/Fq satisfying the four hypotheses 
given in that Proposition. 

From here, we proceed along the lines of |l3|. First, we claim that the irreducible representation 

p^yg : Gal(Q/^o) -> GLalFg) 
induced by the torsion subschemc A[v5] is modular. 



Now it follows from the discussion in section 2.3 that either A or A 1^ X3 has multiplicative 
reduction at all primes of Fq over 3. In case it is A (8) X3 which is semistable, return to the 
beginning, replace p by p (81x3, and start over. We may now assume A has multiplicative reduction 
at all primes of Fq over 3. 

Now the subgroup 

PA,V^{I^.) C SL2(F5) 

is unipotcnt. Thus, we can find a totally real solvable extension F/Fq, unramified over 5 and with 
odd ramification degree at every prime over 3, such that Z?^ acts trivially on v4[v5] for every prime 
w oi F dividing 3. Then the twist of the modular curve X(5)f by p^ /^ is isomorphic to X{5) when 
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base changed to any 3-adic completion of F . In particular, there exists an elliptic curve E / F such 
that E[b\/ F = AU/b]/ F and E has good ordinary reduction at each prime of F over 3. By another 
use of Ekedahl |^, we can assume that £'[3] is an absolutely irreducible Gal(Q/F)-module. 



Since F has odd absolute ramification degree at all primes over 3, we have by Proposition O 



that E\2,]/ F is distinguished at all primes over 3. The mod-3 representation £'[3] is modular by the 



Langlands-Tunnell theorem, and the 3-adic Galois representation T^E is modular by Theorem |3T 
It follows that TsE' is modular, and so E[b\, whence also A[\/h]/ F, is modular. 

By hypothesis, A has good ordinary or multiplicative reduction at 5, so T^A is an ordinary 
representation. Because F/Q_ has odd ramification degree over 5, Tr^A is Dt,-dis ting uished for all 
primes v dividing 5. Now Tr^A/F is modular by another application of Theorem 3.1, This implies 
that T3A/F is also modular, which in turn implies the modularity of A[3]/F, which is the restriction 
to Gal(i^/F) of our original representation p. 

Recall that the restriction of p to the decomposition group D3 is of the form 



P\D3 



X3 





By results of Ramakrishna as refined by Taylor |12| , Thm 1.3], p can be lifted to a 3-adic 
representation 



p:Gal{Q/Q)^GU{W{¥g)) 



such that 



P\D3 



X3 





Now p\ Ga\{F/F) is an ordinary, Da-distinguished 3-adic representation of Ga,l{F/ F) w hose 



reduction mod 3 is isomorphic to the modular representation A [3]. Applying Theorem 3.1 once 
more, using T^A as p' , wc have that p\ Gal{F/F) is modular. Now we argue by cyclic descent as in 
]l4 | . Let F' be a subfield of F such that F/F' is a cyclic Galois extension. Then the automorphic 
form TT on GL2(F) corresponding to p is preserved by Gal(F/F'). Therefore, tt descends to an 
automorphic form on GL2(i^'). Continuing inductively, one finds that p itself is associated to a 
modular form on GL2(Q); therefore, its mod 3 reduction p is modular. D 

This case of Serre's conjecture can be used to prove the modularity of Hilbert-Blumenthal abelian 
surfaces, under some conditions on reduction at 3 and 5. 



Corollary 3.3. Let A/Q be a Hilbert-Blumenthal abelian surface which has good ordinary reduction 
at 3 and 5. Then A is a quotient of Jo{N) for some integer N. 

Proof. Let w be a prime of the field of real multiplication dividing 3. If A[v] is absolutely reducible, 
then the corollary follows from a theorem of Skinner and Wiles [|lO| . So we may assume that A[v] 
is absolutely irreducible. 

If 3 is split or ramified in the ring of real multiplication O, then the corollary follows from 
Langlands-Tunnell applied to A[v] followed by Diamond's refinement of the theorem of Wiles and 
Taylor- Wiles |g]. If, on the other hand, 3 is inert in A, then A[3] yields a representation pA,3 '■ 
Gal(Q/Q) -^ GL2(Fg), which is easily seen to satisfy the conditions of Theorem 3.2. So A[3] is 
modular, and it follows, again by Diamond's theorem, that A is modular. D 
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